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Abstract 
We show that Genocchi and Bernoulli numbers are closely related to Fibonacci polynomials 
and derive some q − analogues. 
 
 
1. Fibonacci polynomials and Genocchi numbers 
 
Define the sequence ( ) ( )2 1 1,1,3,17,155,2073,38227,929569,n nG ≥ = "  of Genocchi numbers 
2nG  by their exponential generating function 
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denote the Fibonacci polynomials. They are characterized by the recursion 
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An easy consequence is  
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If we define the linear functional L  on [ ]s^  by  
 
 ( )2 1( ) [ 0],kL F s k+ = =  (1.8) 
 
we get  
 
Theorem 1.1 ( D. Dumont and J. Zeng [4], Corollary 1) 
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In order to show this apply L  to (1.7). This gives 
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Corollary 1.2  
 ( ( ))n ng L F s= −  (1.10) 
 
for 1.n ≠  
 
As another consequence we get 
 
Corollary 1.3 
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E.g. we have 
( )1 5,0 4
1 0 0 0 0
1 2 0 0 0
( , ) .3 5 3 0 0
17 28 14 4 0
155 255 126 30 5
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The proof follows by writing (1.6) in the form 
 
 2 22 2 1
0 0
( ) 1 ( )
(2 )! 1 (2 1)!
z
n nn n
z
n n
F s e F sz z z
n e n
+
≥ ≥
−= − + +∑ ∑  (1.13) 
 
and comparing coefficients. 
 
 
 
2. Fibonacci polynomials and Bernoulli numbers 
 
In an analogous way we define a linear functional M  by  
 
 ( )2 [ 1].nM F n= =  (2.1) 
 
Then we get 
 ( )2 1 2( ) (2 1) .n nM F s n B+ = +  (2.2) 
 
This follows from (1.7) and the well-known identity 
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This implies as above 
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The first terms of the sequence ( )2 0(2 1) n nn B ≥+  are 
1 1 1 31, , , , , .
2 6 6 10
− − "  
 
We can now give a simple proof of  
 
Theorem 2.1 (A. v. Ettingshausen [5], L. Seidel [9], M. Kaneko [7]) 
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Proof 
We need the identity 
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If we apply the linear functional M  to (2.5) we get 
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Remark 2.2 
This theorem has first been proved by A. v. Ettingshausen [5] and has been rediscovered by L. 
Seidel [9], VIII, and by M. Kaneko [7].  Therefore I will call it  v. Ettingshausen-Seidel-
Kaneko identity. 
 
The  proof by v. Ettingshausen starts with the definition of the Bernoulli numbers 
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which implies the well-known result 2 1 0iB + =  for 1.i ≥  
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Since 1 0n iB + + =  for  0(mod 2)n i+ ≡  this identity is the same as 
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Seidel’s  and Gessel's proofs  are along similar lines although  Seidel  used a somewhat 
clumsy terminology.  
These proofs of  (2.4) show first  that 2 1 0nB + =  for 1n ≥ . This is usually done by observing 
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To simplify the final step it is convenient to consider the linear functional V  on the 
polynomials defined by ( )n nV x B=  for 1n ≠  and 1( ) .2V x =  This has the effect that in place 
of  (1.2)  we get  
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for all .n∈`  Therefore by linearity 
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Choosing 1( ) (1 ) ( )n nf x x x+= − −  we get  ( ) ( )1 1( 1) (1 ) ( ) ,n n n nV x x V x x+ +− = − −  which is the 
same as (2.7). 
 
 
 
3. The Seidel triangle for Genocchi numbers 
 
Seidel [9] has given a “Treppen-Schema” for the computation of the Genocchi numbers 2nG , 
which he called “Bernoulli’sche Zähler”.  We use a slightly changed version as in [3] and  
[10] and define the “Seidel triangle”  for the Genocchi numbers as an array of integers 
( ), , 1i j i jg ≥  such that 1,1 2,1 1g g= = , , 0i jg =  if 0j <  or 2ij ⎡ ⎤> ⎢ ⎥⎢ ⎥  and 
 2 1, 2 1, 1 2 ,i j i j i jg g g+ + −= +  (3.1) 
 for 1,2, , 1j i= +"  and 
 
 2 , 2 , 1 2 1,i j i j i jg g g+ −= +  (3.2) 
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To compute this triangle note that the odd rows  (3.1) are computed from left to right and the 
even rows (3.2) from right to left. 
From (3.2) we see that  
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We show now that the Seidel triangle is also closely related to the Fibonacci polynomials.  
 
Theorem 3.1 
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As a special case we get that the “median Genocchi numbers” 2 1 2 1,1:n nH g+ +=  are given by 
 
 2 1 ( 1) ( ).
n n
nH L s+ = −  (3.7) 
 
As another application we have  
1
0 0
( 1) ( 1) ( ) .
k k
n k k j
n j n j
j j
k k
g L F s
j j
+ − −
+ +
= =
⎛ ⎞⎛ ⎞ ⎛ ⎞= − −⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∑ ∑  
 
 7
Observing that  
 
0
( 1) ( 1)( 1) ( ) ( )
n k n kk
k j k
n j n k
j
k
F s s F s
j
α α β β
α β
−
+ −
=
⎛ ⎞ − − −− = =⎜ ⎟ −⎝ ⎠∑  
 
we get 
 
 ( )1
0
( 1) ( ) .
k
n k k
n j n k
j
k
g L s F s
j
+ −
+ −
=
⎛ ⎞ = −⎜ ⎟⎝ ⎠∑  (3.8) 
 
 
Corollary 3.2 (Seidel identity, L. Seidel [9], XIII) ) 
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This is a counterpart to the v. Ettingshausen-Seidel-Kaneko identity (2.4). 
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These considerations also cast new light on [4], Theorem 1: 
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4.  q-analogues 
 
Next we show that the Seidel generation of the q −Genocchi numbers introduced in [10] is 
intimately related to the (Carlitz-) q − Fibonacci polynomials (cf. e.g. [1]). 
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The proof follows from  
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Observe that from (4.7) we have 
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Theorem 4.1 (q-Seidel identity) 
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This formula can be used to compute the polynomials 2 ( ).nG q  
 
 
In order to prove (4.15) we show more generally 
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2 1 2
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1
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k k k
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q F s q q q F s q q F s q
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⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
+ − + − + −
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟− ⎝ ⎠ ⎝ ⎠
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− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤− = − + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦
− −⎡ ⎤ ⎡ ⎤= − + −⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦
∑ ∑ ∑
( )
( ) ( )
21
2 1 2
1
2 22 3 2 3
2 2 2( 1)
1
2 ( 1)( 1)
22 3 1
1
( 1) ( , ) ( , )
1
1 1
( 1) , ( 1) ,
k k
k
k
n m k n m k
k
k k
k n m k n m k
n m k n m k
k k
n
m n
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m
n
q F s q F s q
k
n n
q q sF s q q s q F s q
k k
q q ss F
⎛ ⎞⎜ ⎟− ⎝ ⎠
+ − + + −
+⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟+ − − + −⎝ ⎠ ⎝ ⎠
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=
∑ ∑
∑
∑ ∑
( ) ( )2 ( 1)2, , .
n
m n
n
ms q q s F s q
⎛ ⎞+ −⎜ ⎟⎝ ⎠=
 
 
A q − analogue of (3.10) is 
 
 ( ) ( )2 22 1 2 2
0
1
( 1)
2 1
n
k k k n
n n k
k
n
H q q G q
k
− + −
+ −
=
+⎡ ⎤= − ⎢ ⎥+⎣ ⎦∑  (4.20) 
for 2.n ≥  
If we choose 1m = −  in (4.18) and replace  n  by 1n + we get 
( )
2
1
2 ( 1 1)( 1)
2 2 1
2( 1) 1 1
0
2 2
22 1
1
( 1) ( , ) ,
.
k nn n
k n
n k
k
n
n n n n
n
q F s q q s F s q
k
qq s q s
s
+⎛ ⎞ ⎛ ⎞+ − − +⎜ ⎟ ⎜ ⎟ +⎝ ⎠ ⎝ ⎠
+ − − −
=
⎛ ⎞⎜ ⎟− − + ⎝ ⎠
+⎡ ⎤− =⎢ ⎥⎣ ⎦
= =
∑
 
If we now change 1q
q
→  we have 
2
2 2
2 1
0
1 1( 1) , .
n kn kn
n k
n k
k
n
s q q F s
k q
⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
+ −
=
+⎡ ⎤ ⎛ ⎞= − ⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦∑  
 
By applying the linear functional L  we obtain the desired result 
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2 21 1
2 1 2 1
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2 1
2 (2 1)
2 21 1
2 1 2 1
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n k
k
k k k n
n
H q q L s q q q L F s
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n
q q q L F s
k q
q
⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟− − ⎝ ⎠ ⎝ ⎠
+ + −
=
+⎛ ⎞ ⎛ ⎞− +⎜ ⎟ ⎜ ⎟− − ⎝ ⎠ ⎝ ⎠
+ − −
=
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+ ⎛ ⎞⎡ ⎤ ⎛ ⎞= − = − − ⎜ ⎟⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦ ⎝ ⎠
+ ⎛ ⎞⎡ ⎤ ⎛ ⎞= − ⎜ ⎟⎜ ⎟⎢ ⎥+ ⎝ ⎠⎣ ⎦ ⎝ ⎠
= −
∑
∑
2
2 2
0
1
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2 1
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n k
k
n
G q
k −=
+⎡ ⎤⎢ ⎥+⎣ ⎦∑
 
 
 
 
There is also a  q − analogue of (3.11). 
 
In the generating function  
 12
22 2 2
2 2 22
1
0
( , )
(1 ) (1 )
k k k k kn
n n k k k j
n k
n n k k j k
n k k j s zF s q z z q s q s z z q
k k z q z
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠
+
=
− +⎡ ⎤ ⎡ ⎤= = =⎢ ⎥ ⎢ ⎥ − −⎣ ⎦ ⎣ ⎦∑ ∑ ∑ ∑ ∑ ∑ "
 
change q  to 1 .
q
 We obtain 
 
1 22
2 21
1
1, ( 1)
( 1) ( )
k k k k
n k
n k
n k
s zF s z q
q z z q
+⎛ ⎞ ⎛ ⎞− +⎜ ⎟ ⎜ ⎟+ ⎝ ⎠ ⎝ ⎠
+
⎛ ⎞ = −⎜ ⎟ − −⎝ ⎠∑ ∑ " . 
By applying L  we get 
 
21 ( 1) 2 1
21
2
2 12
2
2
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1
( )
( 1) ( )
( 1) ( ).
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1 ( 1
(
) ( )
) )
n n n
n
n
k k
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k
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z
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+
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+
−
≥
⎠
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∑
∑
∑ "
"
 (4.21) 
 
 
 
Remark 
For 1q =  some of these results have been obtained by using Seidel matrices instead of the 
above Seidel triangle. 
The Seidel matrix ( ),n ka  for a given sequence ( )nc  is defined by ,0n na c=  and 
, , 1 1, 1n k n k n ka a a− + −= +  for 1.k ≥  Then , ,0
0
.
k
n k n i
i
k
a a
i +=
⎛ ⎞= ⎜ ⎟⎝ ⎠∑  
To obtain a useful q − analogue define instead 
 ( )1, , 1 1, 1 .nn k n k n ka q a a− − + −= +  (4.22) 
Then  
 2( 1), ,0
0
.
jk
k n
n k n j
j
k
a q q a
j
⎛ ⎞⎜ ⎟− ⎝ ⎠
+
=
⎡ ⎤= ⎢ ⎥⎣ ⎦∑  (4.23) 
 
This holds for 1.k =  
By induction we get 
 
( ) 12 21 1 ( 1), 1 , 1, ,0 ,0
0 0
2 21 1 ( 1)( 1)
,0 ,
1
1
1
j jk k
n n k n kn
n k n k n k n j n j
j j
j j
n kn k k j k n
n j n j
j
k k
a q a a q q q a q q a
j j
k k k
q q a q q q a
j j j
−⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟− − − ⎝ ⎠ ⎝ ⎠
+ + + +
= =
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟− + − − + + −⎝ ⎠ ⎝ ⎠
+ +
⎛ ⎞⎡ ⎤ ⎡ ⎤⎜ ⎟= + = +⎢ ⎥ ⎢ ⎥⎜ ⎟−⎣ ⎦ ⎣ ⎦⎝ ⎠
+⎛ ⎞⎡ ⎤ ⎡ ⎤ ⎡ ⎤= + =⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎝ ⎠
∑ ∑
∑ 0.
j
∑
 
 
By choosing  
 1,0
1( 1) ,nn n nc a L F s q
−⎛ ⎞⎛ ⎞= = −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 (4.24) 
 
we get  
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1
21
,
1( 1) , .
k
n k k
n k n ka L q s F s q
+⎛ ⎞⎜ ⎟− − ⎝ ⎠
−
⎛ ⎞⎛ ⎞⎜ ⎟= − ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
 (4.25) 
 
 
I want also mention a q − analogue of  the v. Ettingshausen- Seidel-Kaneko identity. 
If we apply the linear functional M  defined by ( )( )2 2 , [ 0]nM F s q n+ = =  to (4.15) we get 
 
 ( )1 2 2 2
0
1
( 1) ( , ) 0.
kn
k
n k
k
n
q M F s q
k
⎛ ⎞+ ⎜ ⎟⎝ ⎠
+ −
=
+⎡ ⎤− =⎢ ⎥⎣ ⎦∑  (4.26) 
This can be used to compute the sequence ( )( )2 1( , )kM F s q+  which begins with 
91, qcccccccc cc1 + q , −
q4cccccccccccccccccccccccccccccccccccccccccH1 + qL H1 + q + q2L ,
q7cccccccccccccccccccccccccccccccccccccccccH1 + qL H1 + q + q2L ,
− q
10 H1 + q + 2 q2 + 2 q3 + q4 + q5 + q6LccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccH1 + qL H1 + q + q2L H1 + q + q2 + q3 + q4L ,
q13 H1 + q + 3 q2 + 3 q3 + 2 q4 + 2 q5 + q6 + q7 + q8Lcccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
H1 + qL H1 + q + q2L2 =  
 
 
 
5. Some identities 
 
Each identity for the q − Fibonacci polynomials gives an identity for the entries of the 
q − Seidel triangle ( ), ( ) .i jg q  
I shall give some examples. 
 
1) From the definition of the q − Fibonacci polynomials we get 
2
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0
11, .
n
k k nk k
n
k
n k
F s q s
kq
−
+ −
=
− −⎡ ⎤⎛ ⎞ =⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦∑  
Applying the linear functional L  gives 
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n
k k k nk
k
k
n k
q g q
k
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+
=
−⎡ ⎤− =⎢ ⎥⎣ ⎦∑  (5.1) 
and 
 
2 2
1
( 1) 1 2 2
2 1,1 2
0
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( 1) ( ) ( ).
n
n n k k k nk
k n
k
n k
q q g q G q
k
−− − − + −
+
=
− −⎡ ⎤− =⎢ ⎥⎣ ⎦∑  (5.2) 
 
These identities are q − analogues of  [3], Corollary 1. 
 
2)  It is easily verified (cf. [2]) that  
 
 ( ) ( 2)2
0
, ( , ).
n
k m n k
m n m n k
k
n
F s q q s F s q
k
+ −
+ + −
=
⎡ ⎤= ⎢ ⎥⎣ ⎦∑  (5.3) 
Therefore 
 
 14
1
2 2
( 2 )( 1) 2 ( 2 1)( 1) 2 1
2 1 2 1 2
0 0
( , ) ( , ) ( , )
2 2 1
n n
n j n n j n j n n j
n j j
j j
n n
F s q q s F s q q s F s q
n j n j
+
− − − − + − − +
+ +
= =
⎡ ⎤ ⎡ ⎤= +⎢ ⎥ ⎢ ⎥− − +⎣ ⎦ ⎣ ⎦∑ ∑  
By changing 1q
q
→  we get 
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If we apply the linear functional L  we get 
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3) Now consider the following identities which in the special case 1m = −  have been proved 
in [8]: 
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and 
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Comparing coefficients equation (5.5) is equivalent with 
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Observing that  2
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This can be simplified to   ( )(2 2 )
2 2 2 2 2 2k j n m j
j
k m n m k n
q
k j k j
− + + −+ + + − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤=⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑ which is 
true by the q −Vandermonde theorem. 
 
In the same way we can prove (5.6). 
 
By changing 1q
q
→  we get 
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Applying L  we get the identity 
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 (5.9) 
 
 
For 1n =  this reduces to  
[ 4] 11 [ 2] [ 3]mq m m
q
+ −+ + = = +  
 
 and for 2n =  we get 
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4 6 6 5 5[2] [3] [3] [2] 11 [ 2] [2] .
2 2 1 2 1
m m m m m
q m q
q q q q q
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